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A New Simple and Efficient Antialiasing with Subpixel Masks
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Abstract

Antialiasing of edges is often performed with the help
of subpixel masks that indicate which parts of the pixel
are covered by the object that has to be drawn. For this
purpose, subpixel masks have to be generated during
the scan conversion of an image. This paper intro-
duces a new algorithm for creating subpixel masks that
avoids some problems of traditional algorithms, like
aliasing of high frequencies or blinking of small mov-
ing objects. The new algorithm can be implemented
by lookup tables that make use of the inherent sym-
metry of the algorithm. The results are compared with
conventional supersampling®. A hardware implemen-
tation is described.

CR Categories and Subject Descriptors: 1.3.1 [Com-
puter Graphics]: Hardware Architecture - raster dis-
play devices; 1.3.3 [Computer Graphics]: Picture/Image
generation - display algorithms

Additional Key Words and Phrases: antialiasing, exact
area subpixel algorithm.

1 Introduction

The use of a subpixel mask for antialiasing purposes is
very common [6, 7, 3, 9, 1]. It has several advantages
compared with other antialiasing techniques. First, it
preserves spatial information that is lost, when other
methods are used. This information is very important
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if more than two objects contribute to a pixel. Second,
it can be determined quite easily. At the end of the ren-
dering process, the final brightness of the pixel can be
calculated easily by adding up the contributions from
the subpixels.

However, the subpixel mask is usually computed in
a way that introduces avoidable errors. In the follow-
ing section, the artifacts that occur when using super-
sampling are shown. Analyzing these artifacts leads
to a simple algorithm, the Exact Area Subpixel Algo-
rithm, that can avoid the described disadvantages by
combining the benefits of the subpixel mask with the
calculation of the exact pixel coverage.

2 The Problem

The easiest and therefore most common way to deter-
mine the subpixel mask is by sampling at the subpixel
centers. The subpixel is on, if the subpixel center is
inside the polygon, otherwise it is off (Of course, the re-
sults of this calculation can be precomputed and stored
in a lookup table).

The problems with that method are obvious. Con-
sider for example the following case (Fig. 1). The pixels
consist of 4 x 4 subpixels. An object with a horizon-
tal lower edge is moving slowly downward across the
pixel. Nothing happens, until the edge reaches the top-
most line of subpixel centers. As soon as the subpixel
centers are reached, all the four upper subpixels are
switched on at the same time. As a result, the bright-
ness of the pixel is increased in four big steps instead
of the 16 steps, which we would like to obtain with 16
subpixels. This is shown in Fig. 2 a), where the number
of subpixels that are set is plotted as a function of the
exact area, covered by the polygon.

The same applies for diagonal lines. In Fig. 2 b) we
see the result for edges with a slope of 45°. Fig. 2 c) rep-
resents the ideal function that we would like to obtain.
This functionis achieved with the algorithm introduced
in the next section.

If the objects are very small (smaller than a subpixel),


Andreas Schilling
Copyright © 1991 by the Association for Computing Machinery, Inc. 

Permission to make digital or hard copies of part or all of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for components of this work owned by others than ACM must be honored. Abstracting with credit is permitted. To copy otherwise, to republish, to post on servers, or to redistribute to lists, requires prior specific permission and/or a fee. Request permissions from Publications Dept, ACM Inc., fax +1 (212) 869-0481, or permissions@acm.org. 




Figure 1: Problems with oversampling: horizontal
edge moving downward over a pixel, consisting of 4x4
subpixels. The first line of subpixels is switched on si-
multaneously.
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Figure 2: Number of set subpixels vs. area covered. a)
Result of supersampling with a horizontal or vertical
line, b) Supersampling with a diagonal line, c) Ideal
function.

the effect of the errors of the conventional approach is
especially bothersome. The whole object appears and
disappears again as it moves across the screen. A thin
line or the end of a skinny triangle appears as a dashed
line (Fig. 3).

A way to minimize aliases, generated by regular su-
persampling, is the use of stochastic sampling [5, 1, 4].
Although the most annoying artifact (alias effect) is re-
placed by an artifact (noise) that is more tolerable, other
objectionable effects, like the blinking of small moving
objects or holes in thin lines etc. are not dealt with
correctly.

3 Exact Area Subpixel Algorithm

Our new approach, therefore does not sample at the
subpixel centers. Instead, the exact portion of the pixel
area is calculated. But in contrast to other approaches
that also calculate this area, but then have to store it as
an extra value for later processing [3], we convert the
area into a subpixel count that represents the area por-
tion best. In the following, the algorithm is explained
for 4 x 4 subpixels, later on, a generalization for n x n
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Figure 3: Problems with oversampling (thin line and
sharp triangle). Each pixel consists of 4 x 4 subpixels.
Subpixels that are set are indicated by filled circles.
The density of the hatching indicates the final pixel
brightness.

subpixelsis presented. Let us look again at the horizon-
tal edge, mentioned above. With the new approach, we
get a coverage of one subpixel, when the line is 1/16 of
the pixel width under the upper pixel edge (in fact we
get one subpixel between a coverage of 1/32 and 3/32
of the pixel area). If the line has reached 2/16, we get
a coverage of 2 subpixels instead of 0 or 4 with the old
method.

Now, the only problem that remains to be solved is
to find the right locations for those subpixels. A sim-
ple observation can help us. If we look at an edge of
a certain slope that moves slowly over a pixel, we see
that the subpixels are touched in a certain order. We
would get the same sequence, if we observed the order,
in which the subpixel centers are covered, or the order
in which the subpixels are covered totally (e.g. Fig. 4 ¢)
or d)). Normally it starts with a subpixel at one corner.
The next in the row will be the neighbors of the first one
and so on until the opposite corner is reached. Now
we can show, that there is only a certain number of dif-
ferent orders that are possible. In Fig. 4 we see, that all
edges that have a slope between that of E; and E; cover
the subpixels in the same order. The total number of
possible sequences is only 32 for a subpixel mask of 4x4
subpixels. Now we can assign one of these sequences
to each slope. At the borders, where two sequences
would be possible, we choose one and make sure that
an edge of the opposite orientation gets the opposite
sequence. Such we can ensure that two adjacent ob-
jects that cover the whole pixel cause all subpixels to
be set in any case. In Fig. 4 a) the numbering scheme
for the subpixels is shown. Fig. 4 b) shows the different
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Figure 4: Numbering scheme and possible sequences
for subpixel coverage. (See Section 3 for explanation)

sequences that are possible for edges between 0° and
45°, As examples, lines of type A and B are drawn in
Fig. 4 c)andd) resp. The figures show how the subpixel
centers are touched by the edges in different sequences.

4 Exact Area Subpixel Algorithm
for n X n subpixels

In the following, we have to make use of an arbitrary
representation of the polygons. The representation
with edge functions, chosen for this paper is explained
in Appendix A. For the n x n subpixel mask, the ap-
proach is the same as in the 4 x 4 case. First we calculate
the number of subpixels we want to set (nys) with the
general formula?:

0 < slope < 180°

| floor (A =n?+0.5)
o 180° < slope

ceil (A+n?—=0.5)

A denotes the area of the pixel that is covered by the
half plane defined by the polygon edge. (The two cases
have to be distinguished in order to ensure that two
adjacent polygons always complement each other, i.e.
that we don’t get a total coverage of more than n x n
subpixels.)

The next step is a sort of the subpixels s; ... Spxn-
They are sorted in a way that the most covered one is
the first, the least covered one the last in the list (falling
edge function). If there exist groups of subpixels with
equal coverage (equal edge function), the subpixels of
these groups are sorted using a function that results
from the original edge function through a rotation by
+90°.

Now we take the first nos subpixels from the list and
set them to 1, all others to 0.

In a final step, the resulting subpixel masks for all
edges of the (convex) polygon are ANDed together.

5 Hardware Implementation

Several problems had to be solved in order to imple-
ment the coverage unit in hardware. The function of

2floor(x) means the largest integer not greater than x, ceil(x) means
the smallest integer not less than x.
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Figure 5: Lookup table for the subpixel mask.
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Figure 6: Problems with truncating numbers repre-
sented in the two’s complement.

the unit is simple. We can think of it as a single lookup
table like the one shown in Fig. 5. Input parameters are
the distance or error term e and the x-increment of the
edge function dey, which serves as a measure for the
slope of the edge . In addition to that we need only the
sign of the y-increment dey.

The first question was the required precision of the
input parameters. Under the condition that the result
of the quantization error has to be smaller than one
subpixel we get required resolutions for the distance or
error term e of 5 bits and for the slope measure dey of 4
bits. The condition for the slope measure with regard
to the sequence leads to the same resolution of 5 bits
for deyx. In order to cover all directions, the signs of deyx
and dey have to be considered also. As a result, we get
a total of 11 input bits which correspond to a lookup
table size of 2k x 16 bits.

But if we look into the details, we still have to in-
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Figure 7: Modification unit for distance e.

crease the size. The reason for this is that our input
parameters are coded in the two’s complement form,
meaning, that if we only truncate the numbers to the
required bit count, we always round down to the next
smaller number (Fig. 6; the bits are numbered EO (LSB)
to E18 (MSB), ES is the sign bit). However, we want the
two adjacent polygons to complement each other ex-
actly. This means that the sum of subpixels for a given
error term and slope adds up to 16 subpixels, if the
error terms add up to 0 (e; = —e2). But with the prop-
erty of the two’s complement, that truncation always
rounds down, this cannot be fulfilled. An example can
clarify this. If we truncate as shown in Fig. 6, we want
to obtain the same result for an input of 0/0.100 and
0/0.101. Now consider the negative value for both of
these numbers: for 0/0.100 we get 1/1.100, for 0/0.101
1/1.011. If we truncate these negative numbers, we do
not get the same result anymore: 1/1.10 and 1/1.01 are
not equal. This simple example shows that one more
input bit for the lookup table is required for each in-
put parameter. This bit has to indicate whether a value
was changed by truncation or if we already had a flat
number. This bit can be generated by ORing all trun-
cated (lower) bits together. A single stage lookup table
would thus have a size of 8k by 16 bits.

5.1 Multi Stage Implementation

The size of the lookup table can be reduced by a factor of
more than 8, if it is implemented in several stages. The
easiest approach, then, is to replicate the logical struc-
ture of the algorithm into the hardware structure. Thus
the unit consists of three subunits, which perform the
following functions: 1. Determination of the subpixel
count, 2. Determination of the angle index (sequence),
3. Determination of the final subpixel mask. A more ex-
plicit examination leads to a three stage design (Fig. 8).

In the first stage, the input data coming from the three
units that calculate the edge functions (EU1 — EU3) is
modified in order to eliminate the problems with the
two’s complement. The blocks are labelled MOD E and
MOD DEX. The stage MOD E is used to modify the er-
ror term e, in the stage MOD DEX the slope parameter
including the sign bits is modified. The need to modify
the sign bits comes out of similar observations to those
about the two’s complement. This modification is per-
formed with a PLA that is also used to determine one
bit of the angle index. A schematic of the unit MOD E
(Fig. 7) shows how the modification is performed, how-
ever the adder was replaced by a PLA with the same
function in the final design. The second stage con-
sists of the lookup table for the subpixel count and the
lookup table for the remaining two bits of the angle in-
dex. In the third stage, those two parameters are used
to lookup the final subpixel mask. Three special cases
are also handled in this stage:

1. The edge unit is disabled — all 16 subpixel bits are
setto 1 (Line DE).

2. The error term is greater or equal to 0.5 — all 16
subpixel bits are set to 1 (Line E_GE_OP5).

3. The error term is smaller than -0.5—all 16 subpixel
bits are set to 0 (Line E_LT_MOP5).

The whole coverage unit consists of three of the
described multi-stage lookup tables (one for each
edge).The final subpixel mask is the result of AND-
ing together on a bit-by-bit basis the three outputs for
each edge. Fig. 9 shows the result for the slim line
and the sharp triangle of Fig. 3. In Figures 10 — 12,
simulation results for the exact area subpixel algorithm
compared with supersampling and no antialiasing at
all are shown.
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Figure 9: Thin line and sharp triangle treated correctly.
The density of the hatching indicates the final pixel
brightness.
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Figure 10: Sharp triangle of Figures. 9 and 3 without antialiasing.

Figure 11: Sharp triangle of Figures. 9 and 3. Problems with conventional supersampling.

Figure 12: Sharp triangle of Figures. 9 and 3. Correct treatment with Exact Area Subpixel Algorithm.
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Figure 14: Example of Edge Functions for Rendering.

A Appendix

A.1l Representation of polygon edges

Polygons can be represented by edge functions, that
are negative on one, and positive on the other side
of the edge. This representation is used in rendering
hardware like PROOF [12], Pixel Planes [8] or in soft-
ware algorithms like the one described by Pineda [11].
In Fig. 13, the rendering with the Pineda algorithm is
illustrated and the desired results of the rendering pro-
cess are shown.

The process of rendering consists of deciding wether
or not pixels belong to a given polygon. For arendering
algorithms like the above mentioned, we need an edge
function that behaves like the ones shown in Fig. 14. It
is positive on one side and negative on the other side
of the edge. With three units that can calculate such
edge functions, we can now decide whether a certain
point lies inside the triangle or outside. If all three edge
functions are positive, the point is inside, otherwise it
is outside.

A.1l.1 How can we get such a function?

The easiest way is to choose a linear function

E(x, y) = (x — X)dex + (y — Y)dey

Figure 15: X and Y Increments of the Edge Function.

with the condition:
dexAX + deyAY =0

If we use
dex = AY

as x increment and
dey = —AX

as increment in y direction, we get the formula sug-
gested by Pineda with the advantage that the calcula-
tion is very simple. Now the edge units can be built
of only adders, without multipliers, as we only have
to add the increments proceeding from one pixel to its
neighbor.

We can scale the above formula by an arbitrary factor.
So if we need the euclidean distance, we can normalize
the increments de, and dey by dividing the values by
the euclidean length of the vector (L, norm). We then
get the following increments:

and

and we can still use the same edge units, because the
distance is a linear function in x and y (see example
edge in Fig. 15).

A.1.2 Why do we need this distance?

Until now, we used only the sign of the edge function
for the decision if we are in or out. So the value of the
distance is of no interest. But if we want to calculate
subpixel information for later antialiasing (which is in
fact the scope of this paper), we need exact data about
the edge. In this case, the normalization is essential
[7]. The distance, together with the slope information
is enough to look up the subpixel mask, i.e. the infor-
mation, which part of the pixel is covered (see Fig. 13).
One little detail has to be noticed. We now have to
consider not only pixels with their center inside the
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Figure 16: ”Circular” Distance.

polygon (positive edge function), but also pixels that
are covered less than half (edge function between 0
and -0.something). We cannot give a fixed distance,
because it is different for edges with different slopes
(1/ V2 for edges with a slope of 45°, 1/2 for vertical or
horizontal edges). So if we take all pixels not more than
1/ V2 away from the edge into consideration, we will
get too many pixels, but that is better than losing pixels
that we wanted to get. Fig. 16 shows, that all edges
that have a given distance from the pixel center form a
circle.

Now there is a formula for the increments that solves
several problems at one time®. If we look at the most
demanding part of the increment calculation above,
we see the square root in that formula. Now the sim-
plest solution is to omit the root and take the sum of
the absolute values of AX and AY instead. Speaking
in mathematical terms, we divide by the L; norm or
Manhattan distance instead of the L,norm. The new
increments are:

de — L
T AX] + |AY]
and
doo = - BX
Y7 IAX| + |AY]

The result is a change in the distance function. It is
not independent of the angle anymore, which was the
case for the euclidean distance. But if we do not want
to do a more complex filtering (like e.g. a convolution
with sinc(dist)), than we need something like a rectan-
gular box filter. A circular filter never would resultin a
homogeneous coverage of the screen. So this formula
which is easier to calculate is not an approximation for

3| got this formula from Paul Munsch, who developed several
distance formulas, to be used as an approximation for the euclidean
distance, among them an “octagonal distance” and the square dis-
tance”, described here.

Figure 17: ”Square” Distance.

something else, we originally wanted to get, it gives in
fact a more desired result. Fig. 17 shows, that all edges
that have a given distance from the pixel center form a
square.

For the calculation of the subpixel mask, the ”square”
distance is as useful as the euclidean distance, because
all information about the edge is contained in the dis-
tance and the increments (for the slope of the edge).
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